Various constructions of the affine Lie algebra action on the moduli space of instantons on 4-manifolds are discussed. The analogy between the local-global principle and the role of mass is also explained. The detailed proofs are given in separated papers [16, 17] .
Introduction
Vafa and Witten [20] introduced topological invariants 1 for 4-manifolds using N = 4 topological supersymmetric Yang-Mills theory. Then the S-duality conjecture implies that the generating function of those invariants is a modular form of certain weight, where the summation runs over all SU (2) or SO(3)-principal bundles of any topological types. (In general, it has the modular invariance only for Γ 0 (4), a subgroup of SL(2, Z).) For some 4-manifolds, they identify those invariants with the Euler numbers of the instanton moduli spaces. Then they can check the modular invariance for various 4-manifolds, using mathematical results, Yoshioka's formulae [23] for P 2 and the blow up, Göttsche and Huybrechts's result [5] for the K3 surface, and the author's result for ALE spaces.
scheme are (a) it is a toy model for moduli spaces of instantons, (b) it appears in the boundary of the compactification of the instanton moduli spaces over projective surfaces, and (c) its homology group is isomorphic to that of a moduli space for some special cases [5] .
We explain the reason (b) a little bit more. Since the instanton moduli spaces are usually noncompact, one must compactify them to consider their Euler numbers. When the base manifold is a projective surface, the results of Donaldson and Uhlenbeck-Yau enable us to identify the instanton moduli space with the moduli space of µ-stable holomorphic vector bundles (Hitchin-Kobayashi correspondence). Then the one of the most natural compactifications seems to be Gieseker-Maruyama's compactifications M 3 , namely moduli spaces of semi-stable torsion free sheaves.
If E is a torsion free sheaf which is not locally free, its double dual E ∨∨ is a locally free sheaf and we have an exact sequence
Thus E can be determined by (a) E ∨∨ and (b)
∨∨ is contained in the interior of M, but in the different component with lower second Chern number. Thus it is natural to expect that those studies can be decomposed into two parts, the interior (a) and the quotient map (b). And the variety of the quotient map (b), which depends only on the rank of E and the length of E ∨∨ /E, looks very much like the Hilbert scheme of points. In fact, the Hilbert scheme is the special case E ∨∨ = O. The Betti numbers of the variety was computed by Yoshioka [23, 0.4] .
Let X be a projective surface defined over C. Let X [n] be the component of the Hilbert scheme of X parameterizing the ideals of O X of colength n. It is smooth and irreducible. Let S n X denotes the n-th symmetric product of X. It parameterizes formal linear combinations n i [x i ] of points x i in X with coefficients n i ∈ Z >0 with n i = n. There is a canonical morphism π :
It is known that π is a resolution of singularities.
Göttsche [4] computed the generating function of the Poincaré polynomials
where b i (X) is the Betti number of X. It was shown that the Euler number of X [n] is equal to the orbifold Euler number of S n X by Hirzebruch-Hofer [7] . It was also pointed out by Vafa and Witten that this is equal to the character of the Fock space.
We shall construct the representation of the Heisenberg and Clifford algebras in a geometric way. The key point is to introduce appropriate "Hecke correspondence" which give the generators of the Heisenberg/Clifford algebra.
Take a basis of H * (X) and assume that each element is represented by a (real) compact submanifold C a . (a runs over 1, 2, . . . , dim H * (X).) Take a dual basis for H * (X), and assume that each element is also represented by a submanifold D a . (Those assumptions are only for the brevity. The modification to the case of cycles is clear.) For each a = 1, 2, . . . , dim H * (X), n = 1, 2, . . . and i = 1, 2, . . . , we introduce cycles of products of the Hilbert schemes by
and Supp(J 2 /J 1 ) = {p} for some p ∈ C a }.
Then we define an endomorphism
where p 1 , p 2 are projections of the first and second factor of
and p * [
where c i is a nonzero integer depending only on i (independent of X).
. . ) define the action of the Heisenberg or Clifford algebra according to the parity of dim C a . Moreover, comparing with Göttsche's formula, we can conclude our representation is irreducible.
The definition of the correspondence E a i , F a i can be naturally generalized to the case of moduli spaces of torsion free sheaves (see [6] ). However, the author has no idea to generalize to more general 4-manifolds.
Elementary transformation: Twist along embedded submanifolds
The opearator of the previous section twists sheaves around points. There is another kind of operator which twists sheaves along an embedded 2-dimensional submanifold. This operation is called the elementary transformation in the literature. Suppose C is a holomorphic curve embedded in a projective surface X. Let i denote the inclusion map. Let M be the moduli space of U(r)-instantons, namely Einstein-Hermitian connections. We identify it with the moduli space of holomorhic vector bundles over X by the Hitchin-Kobayashi correspondence. It decomposes by the first and second Chern classes. For each integer d, we also consider the following moduli space P of parabolic bundles (E 1 , E 2 , ϕ) where E i is a holomorphic vector bundle over X, and ϕ : E 1 → E 2 is an injection which is an isomorphism outside C. In order to define the moduli space, we need to introduce the notion of the stability to parabolic bundles (see [13] ), for this we need to choose an ample line bundle L or the Kähler metric which is a curvature of L. Moreover, it is necessary to consider the Gieseker-Maruyama compactification of moduli spaces, as explained in the previous section. But we do not go in detail.
There is a morphism f : P → M × M. Then we can define two operators on the homology group exactly as in the previous section:
Note that the first and second Chern classes are not preserved this operator. Strictly speaking, we do not have a globally defined morphism since the stability conditions for the parabolic bundles and their underlying vector bundles are not equivalent in general. But it is enough for our purpose to have f * [P] as an element of homology group of M×M. For example, f could be a meromorphic map.
Since we do not know what is the right setting for general projective surfaces 4 , we focus on particular examples, namely ALE spaces. The ALE spaces are the minimal resolution of simple singularities C 2 /Γ, where Γ is a finite subgroup of SU(2). The second homology group H 2 of the ALE space is spanned by the irreducible components Σ 1 , . . . , Σ n of the exceptional set, which are the projective line. The intersection matrix is the negative of the Cartan matrix of type ADE. The classification of simple singularities are given by the Dynkin graphs in this way. In particular, there is a bijection between simple singularities and simple Lie algebra of type ADE. The rank is equal to the number of the number of the irreducible components, namely n. By the work of Kronheimer, it is known that they have hyper-Kähler metrics. There are a variant of the ADHM description, which identifies the framed moduli spaces of instantons, or more precisely, torsion-free sheaves with the cotangent bundles of the moduli space of representations of quivers of affine Dynkin graphs.
Since we shall work on non-compact spaces, we have extra discrete parameters which parameterizes the boundary condition. We consider instantons which converge to a flat connection at the end of the ALE space X. The flat connection on the end can be classified by its monodromy, namely a representation ρ of the finite group Γ. Let ρ 0 , ρ 1 , . . . , ρ n be the irreducible representations of Γ with ρ 0 the trivial representation. By the McKay correspondence, there is a bijection between the vertices of the affine Dynkin graph and the irreducible representations (see [15] for more detail). The monodromy representation ρ is decomposed as ρ = n k=0 ρ ⊕w k k , where w k is the multiplicity. This datum will be preserved under the Hecke operator.
Corresponding to each irreducible component Σ k , we take a component of the moduli space of parabolic bundles where E 2 /ϕ(E 1 ) is rank 1 and degree −1. We then define operators e k and f k on the homology group of the moduli space as above. We also have an operator α For k = 0, we can define similar operators e 0 , f 0 by replacing The irreducible decomposition of the representation is complicated, but we have one irreducible factor whose geometric meaning is clear.
Theorem 3 . If we take the middle degree part of the homology group H * (M) (since the dimension of M are changing on components, the middle degree also changes), it is preserved by the affine Lie algebra action. Moreover, it is the integrable highest weight representation with the highest weight vector
t (w 0 , . . . , w n ). The level is equal to the rank of the vector bundle.
The highest weight vector lies in the paticularly chosen moduli space which consists of a single point.
Local-Global Principle and the Mass
Historically the Hecke operators were originally introduced in the theory of modular forms. There are also analogoues operators in the theory of the moduli spaces vector bundles over curves [18] , which are used in the geometric Langlands program. Our operators can be considered as natural complex 2-dimensional analogue of these operators.
The importance of the Hecke operators comes from the fact that they lie in the heart of the "local-global principle". We shall explain it only very briefly. The interested reader should consult to good literatures about the Hecke operators and the modular forms (see e.g., [2] ).
The local-global principle roughly says that a global problem could be studied as a collection of local problems. The basic example is the Hasse principle: A quadratic from with integer coefficients has a nontrivial integer solution if and only if it has real solution and a p-adic solution. In this case the global problem is to find an integer solution and the local problems are find solutions in R and Q p . Thus the base manifold, which is the parameter space of the local places, is the set of prime numbers plus infinity R.
The theory of modular forms are also examples of the global-local principle. Consider the space of modular forms of weight k, which can be considered as functions of lattices in C with homogeneous degree −k, i.e.,
. Then for each prime number p, we define the Hecke operator T (p) by
where the summation runs over the set of sublattices of L with index p. These operators commute each other. If a modular form is a simultaneous eigenfunction, its L-function has an Euler product expansion. The analogy between the modular forms and 4-dimensional gauge theory our theory are given in the table.
In physics, there is a good explanation why the local-global principle holds in some topological field theories 5 . In these theories, topological invariants, like Donaldson's invariants, are expressed as correlation functions. It is not by no means obvious that the results are topological invariants, since one prime numbers points in a 4-manifold and submanifolds C the space of the homology gruop modular forms of moduli spaces Hecke operators our Hecke operators needs to introduce a Riemannian metric for the definition of the Lagrangian. However, by a clever choice of the Lagrangian, the resulted correlation functions are independent of the choice of the metric. The mechanism is just like the fact that the euler class, which is defined as the pfaffian of the curvature, is a topological invariant. Thus one can take a family of Riemannian metrics g t = tg with t > 0, and consider the limiting behaviour for t → ∞. In the limit, the distance of two different points goes to infinity. Hence if the "mass" of all particles is not zero, there are no interaction between two points. Then one can compute the correlation functions by integrating local contributions over the base manifold. In this sense, the local-global principle holds in this theory.
In N = 1 topological supersymmetric Yang-Mills theory, it is believed that all particles have non-trivial mass. However in N = 2 topological supersymmetric Yang-Mills theory, which is relevant to Donaldson's invariants, it is no longer true. Hence there may be massless particles which make interaction even when the distance between two points are very large. Anyway, if all particles would have non-trivial mass, Donaldson's invariants would depend only on homology classes of the underlying manifolds. On a Kähler manifold X with a non-trivial holomorphic 2-form ω, Witten [21] used a perturabation from the N = 2 theory to the N = 1 theory adding a term depending on ω. The remarkable observation was that there remain particles which have zero mass where ω vanishes. Unless the manifold X is a K3 surface or a torus, ω vanishes along a divisor C. Thus the local-global principle holds in the N = 2 theory with only one modification; there are non-trivial contribution from C. In other words, the 2-dimensional submanifold C cannot be divided any more, and should be considered as a point. Similarly, in [20] , again for the same class of Kähler manifolds, the N = 4 theory was perturbed to the N = 1 theory, and the correlation function was calculated in a similar way. And finally, Witten conjectured [22] that the Kronheimer-Mrowka's basic classes [9] coincide with homology classes whose Seiberg-Witten invariants are nonzero. It means that the local-global principle fails exactly along basic classes.
Now it becomes clear why we must introduce two kinds of Hecke correspondences, twist along a point and twist along a 2-dimensional submanifold. For the Hilbert scheme on a projective surface, it is apparent that the localglobal principle holds without the introduction of C. This should be the basic reason why the homology group of the Hilbert scheme is generated only by the first kind of the Hecke correspondence. For higher rank case, we mighty need the second type of the Hecke correspondence in order to get all homology classes in the moduli spaces. However, the relation between two kinds of Hecke operators is not clear, at this moment. Moreover, there might be other types of correspondences which is useful to describe the homology group of the moduli space. For example, Göttsche and Huybrechts [5] used an interesting correspondence in order to relate moduli spaces of rank 2 bundles and Hilbert schemes.
Finally, we would like to point out the difference between our situation and the classical one (i.e., the Hecke operators on modular forms). The first kind of the Hecke operator is independent of the choice of the representative C a of the homology class. This is because we are studing the homology group of the moduli space. It is not clear that the second kind of the Hecke operator depends only on the homology class of C. But it depends only on the rational equivalence class.
